Let M be a connected space-like surface in a Lorentzian space form M 4 1 (c). We define a time-like hypersurface M * which is the image of a subbundle of the normal bundle of a space-like surface M spanned by a time-like unit normal vector field ξ on M in a 4-dimensional Lorentzian space form M 4 1 (c) under the normal exponential mapping of M in M 4 1 (c). We find the equations for a surface M and a time-like unit normal vector field on M such that M * is a time-like hypersurface in M 4 1 (c) with zero mean curvature. We also build up some examples.
Introduction
. A space-like hypersurface of a pseudoRiemannian manifold with zero mean curvature is said to be maximal, which has been extensively investigated in pseudo-Riemannian geometry. Maximal space-like hypersurfaces share a certain type of geometric properties with minimal hypersurfaces of Riemannian spaces, for instance, maximal surfaces represent a maximum for the area integral [2] . However, time-like surfaces with zero mean curvature neither maximize nor minimize the area integral. Minimal surfaces in Minkowski spaces are also called the extremal surfaces which have well-known important applications in general relativity and conformal geometry. They have been investigated by several authors (e.g., [1, 9, 6, 4, 8] and references therein).
In [5] , Kimura gave a construction of 3-dimensional minimal hypersurfaces M * of 4-dimensional space forms M 4 (c) defined by M * = {exp x (tξ) : x ∈ M, t ∈ R}, where M is a minimal surface in M 4 (c) and ξ is a local unit normal vector field on M. Then, it is natural to construct the similar hypesurfaces of 4-dimensional Lorentzian space form M 4 1 (c). However, in a Lorentzian space vectors with different causal characters usually turn into a wider variety of cases to consider.
In this paper, motivated by Kimura's work [5] , we determine time-like hypersurfaces M * = {exp x (tξ) : x ∈ M, t ∈ R} of 4-dimensional Lorentzian space forms M ) We obtain differential equations for a spacelike surface and a unit time-like normal vector ξ such that M * has zero mean curvature. We also construct some examples.
Preliminaries
Let M m q be an m-dimensional pseudo-Riemannian manifold with pseudo-Riemannian metric tensorg of index q. Denoting by , the associated nondegenerate inner product on M 
Hence the hyperbolic space H m (−1) is defined by
where x 1 is the first coordinate in R 
Here it is seen that if either ξ or η is parallel in the normal space then the normal connection form for ∇ ⊥ is zero. We therefore suppose that ξ and η are non-parallel.
We define the covariant derivatives of the shape operators A ξ and A η by
Since the ambient space is the space form the Codazzi equation is described as
So h ξ ijk and h η ijk are symmetric with respect to i, j and k, respectively. The covariant derivative of the 1-form s is defined by
As the ambient space is the space form the Ricci equation can be written as
where R ⊥ denotes the normal curvature tensor of the normal connection
Also we can see that
So we can express the Ricci equation as
Let ξ be a time-like unit normal vector field on
where x ∈ M and t ∈ R. The functions f 1 (t) and f 2 (t) are given by f 1 (t) = 1, f 2 (t) = t if c = 0; f 1 (t) = cosh t, f 2 (t) = sinh t if c = 1 , and f 1 (t) = cos t, f 2 (t) = sin t if c = −1.
Time-like Hypersurfaces with Zero Mean Curvature
Here we determine time-like hypersurfaces of a 4-dimensional Lorentzian space form M 
where
. denote the derivatives of F, x and ξ with respect to u, v and t, respectively, which are considered as vectors in the ambient space, and f j denotes the differentiation of f j = f j (t). Then it can be seen that the induced metric g * on M * is given by
The definition of M * means that M * is foliated by geodesics of M Thus the most of the following calculation to obtain the necessary minimality condition for M * will be the same as in [5] . However, for the completeness of the paper we repeat the required calculation here.
Because of the integral curves of ∂/∂t are geodesics of M 
where ( ) ⊥ denotes the projection of the normal space of
as
Let us take a local isothermal coordinate (u, v) of M such that x u = ϕe 1 , x v = ϕe 2 , where e 1 , e 2 forms an orthonormal basis and ϕ is a positive function on some open set in M. Suppose that c = 0. Then, by (1) and (6) we have
and
where D denotes the covariant differentiation in R Using (1), (2), (3) and (4), for the second derivatives F uu , F uv , F vu and F vv we obtain
Clearly, F vu = F uv holds and this is equivalent to the Ricci equation (5), e 1 ϕ = ϕω 2 and e 2 ϕ = −ϕω 1 . Using the equations (10), (11)- (14), by calculation we obtain 
By (9), the exterior product of F u and F v is written as
Substituting (15) and (16) into (7), we have the following equation,
2 )a 0 + (h 
As f 
Construction of Examples
We here construct some examples of time-like hypersurfaces with zero mean curvature, defined as in the previous section. 
and Ricci equation (5) produces
We now consider a 2-dimensional totally geodesic Riemannian space form , i = 1, 2, is a local orthonormal tangent basis on M. In terms of this metric the Christoffel symbols are obtained
For the normal space of M in M 
where θ = θ(x 1 , x 2 ). We will find θ which determines the time-like nonparallel unit normal vector ξ on M such that the time-like hypersurface M * has zero mean curvature. To do this we need to calculate the components s i of the normal connection s and their covariant derivatives s ij . Then, from the definition of s i we have
that is,
θ i , i = 1, 2, and using (27), by straight calculation we obtain
Here it is clear that s 12 = s 21 if and only if θ 12 = θ 21 . Therefore, the equations (24) (25) and (26) are equivalent to
For c = 0, choosing the normals ξ and η as 
It is easy to show that F is a 2-ruled hypersurface of the Minkowski space R for c = 0,
which is a 2-ruled time-like hypersurface in Minkowski space R 
and for c = −1;
By considering these examples we have 
where ξ 1 is time-like and ξ 2 is space-like. Then the shape operators and normal connection of M in H 
